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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Jürgen Groeneveld
SGGES, University of Auckland, New Zealand

Lecture 5:
Modelling Population Dynamics – N(t)

Part I: Limited and unlimited growth
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Separation of variables:

)()( trN
dt

tdN
=

rdt
tN

dN
=⇔

)(

∫∫ =⇔ rdt
tN

dN
)(
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Separation of variables:

∫∫ =⇔ rdt
tN

dN
)(

( ) CrttN +=⇒ )ln(

( ) )exp()exp( rtCtN =⇒
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Separation of variables:

( ) )exp()exp( rtCtN =⇒
With N(0) = N0

)ln( 0NC =⇒
finally

)exp()( 0 rtNtN =⇒
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Unlimited growth

Time discrete Time continuous

)exp()0()( rtNtN =
01 NRN t

t =+

( )( )t
t RNN lnexp01 =+

( )( )tRNNt lnexp01 =+

( ) rR =ln
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

⎟
⎠
⎞

⎜
⎝
⎛ −=

K
tNtrN

dt
tdN )(1)()(

1. Technical problems

What to do if analytical solution cannot be found?

Numerical approximation of the problem

Principle idea – discretize the problem for small time 
steps and compute (iterate) the solution!

Many ways to do – one standard technique is called
Runge Kutte, also implemented in R
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

An introduction to R for dynamic modeling, Stephen Ellner
Ecology and Evolutionary Biology, Cornell, March 19, 2003

#numerical solution
library(odesolve)
times <- c(1:20)
f<-function(t,x,parms){a=parms[1];b=parms[2];xdot=c(1);xdot=x*a*(1-
x/b);return(list(xdot));}

out1<-lsoda(y=2,times,f,parms=c(a=0.81,b=582.5))
plot(out1,col=2)
######################################################################

But use lsoda() instead of rk4() – help for rk4
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

5 10 15 20
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Time (days)
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 a
ur
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ia

 (0
.5

cm
3 )−1

Numerical solution (red line, points belong to analytical solution)

Major disadvantage: numerical solution has to be determined for each set of 
parameterization independently. Does not always work! 

Problem for parameter fitting! Computational demanding!
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

2. Non-overlapping generations
time discrete Logistic equation

⎟
⎠
⎞

⎜
⎝
⎛ −=

∆
∆

K
NRN

t
N t

t 1

t
t

tt N
K
NRNN +⎟

⎠
⎞

⎜
⎝
⎛ −=+ 11

1=∆twith and tt NNN −=∆ +1

If individuals reproduce and die at a certain point in time rather than
continuously
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

11 NNt ==

01 NRN t
t =+

12 RNNt ==

Exponential growth Logistic equation

11 NNt ==

1
1

12 1 N
K
NRNNt +⎟

⎠
⎞

⎜
⎝
⎛ −==

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ −

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ −=

=
=

=

=
=

== K

N
K

NRN
N

K
NRNRN

t
t

t

t
t

tt

1
1

1

1
1

13

1
1*1

No

Is there a simple recursion?
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

That means this time we will not find a solution N(t) = …

Well, we can discuss attributes of the potential solution!

1
1

12 1 =
=

== +⎟
⎠
⎞

⎜
⎝
⎛ −= t

t
tt N

K
NRNN

We are looking for N* that

*
*

** 1 N
K
NRNN +⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

*
*

** 1 N
K
NRNN +⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=

That´s true for

N* = 0 or N* = K

Equilibrium solutions
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Stability:

Continuous case: N = K is always stable
And
N = 0 always unstable
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Perturbation experiment:
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Local stability analysis:

)(11 tt
t

tt NFN
K
NRNN =+⎟

⎠
⎞

⎜
⎝
⎛ −=+

Using:

)( ** NFN =
*NnN tt +=

Thus we can write

)()( **
11 NnFNFNnN tttt +==+= ++

)( **
1 NnFNn tt +=++
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

( )∑
∞

= ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=+

0

*
* *)(

!
1)(

i

i
ti

i

t n
dN

NFd
i

nNF

F is not specified, but non-linear problems are mostly not
tractable, this is why scientists love to linearise…

Taylor expansion:

Which is for quadratic functions as the logistic functions:

2
)()(

)()(
2

2

*2*
** tq

t
q

tq
n

dN
NFd

n
dN

NdF
NFnNF ++=+
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

**
1, ~)( NnNF tq +

12)(
+−= N

K
RR

dN
NdFq

ttq nRNnNF )1(~)( **
2, −++

2
)()(

)()(
2

2

*2*
** tq

t
q

tq
n

dN
NFd

n
dN

NdF
NFnNF ++=+

K
R

dN
NFd q 2)(

2

2

−=

2**
3, )1(~)( tttq n

K
RnRNnNF −−++

For N* = K

If F is the logistic equation:
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

**
1, ~)( NnNF tq +

0

100

200

300

400

500

600

700

800

400 450 500 550 600 650 700 750 800

Nt

N
t+

1

39/54

M
ET

IE
R

 G
ra

du
at

e 
Tr

ai
ni

ng
 C

ou
rs

e
“E

co
lo

gi
ca

l M
od

el
lin

g“
22

 M
ay

 –
2 

Ju
ne

 2
00

8,
 L

ei
pz

ig
 &

 B
ad

 S
ch

an
da

u
(G

er
m

an
y)

Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)
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ttq nRNnNF )1(~)( **
2, −++



20

40/54

M
ET

IE
R

 G
ra

du
at

e 
Tr

ai
ni

ng
 C

ou
rs

e
“E

co
lo

gi
ca

l M
od

el
lin

g“
22

 M
ay

 –
2 

Ju
ne

 2
00

8,
 L

ei
pz

ig
 &

 B
ad

 S
ch

an
da

u
(G

er
m

an
y)

Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

)( **
1 NnFNn tt +=++

Well, finally replacing F by its linear approximation (Taylor expansion)

tt nRNNn )1(~ **
1 −+++

tt nRn )1(~1 −⇔ +

Geometric growth again!

0→tn if 1)1( <− R

The equilibrium at N = K is only stable for 0 < R < 2

The equilibrium at N = 0 is never stable for 0 < R – not shown here
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Cobweb – Analysis – R = 1.25 - stable
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Cobweb – Analysis – R = 2.5 - unstable
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

t
t

tt N
K
NRNN +⎟

⎠
⎞

⎜
⎝
⎛ −=+ 11

So, we have learned quite a bit, without knowing the solution!

Equilbrium at N=0 and N=K

The equilibrium at N = K is only stable for 0 < R < 2

The equilibrium at N = 0 is never stable for 0 < R – not shown here

But we have computers, we can iterate the solution!
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

# function for time discrete population dynamics
logist <- function (r)
{

N <- rep(1, times = 1000)
K <- 582.5
ti <- c(1:1000)

for (i in 1:999)
{

N[i+1] <- N[i]+r*N[i]*(1-N[i]/K)

}
plot (N[1:100], type = "l")
lines(ti,582.5/(1+(582.5-1)*exp(-log(r+1)*ti)), col = "green",type = "l")

}

Iteration in R
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)
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Parameterestimation for K and R with R-function nls:
K = 582.5 and R = exp(0.83)-1=1.3

Analytical solution of the time continuous problem is not the same as the
solution of the time discrete problem. Mathematicians tend to call this a 
numerical artefact, but there is a ecological meaning behind this difference
– non-overlapping generations.
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)
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Equilibrium stable if 0 ≤ R < 2, but what happens for R ≥ 2 ?
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

# function for time discrete population dynamics
logist <- function (r)
{

N <- rep(1, times = 1000)
K <- 582.5
ti <- c(1:1000)

for (i in 1:999)
{

N[i+1] <- N[i]+r*N[i]*(1-N[i]/K)

}
plot (N[1:100], type = "l")
lines(ti,582.5/(1+(582.5-1)*exp(-log(r+1)*ti)), col = "green",type = "l")

}
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Discrete population dynamics – non-overlapping generations, can show
Complex dynamics

Will never happen for the continuous description!

Often called deterministic chaos!
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Jürgen Groeneveld – Lecture 5: „Equation based population models“ (Part I, Day 5)

Very nice way to illustrate dependency of population dynamics
on its parameterization R Bifurcation diagram

# Bifurcation diagramm
bifurcation <- function (n)                                       
{                                                               
plot(0,0,ylim = c(0,800),xlim = c(1.8,3),xlab = "r",ylab="N")   
N <- rep(1, times = (100+n))                                    
K <- 582.5                                                      
ti <- c(1:(100+n))                                              

r <- c(1:400)                                                   
r <- 1.8+1.2*(r-1)/399                                          

for(i in 1:399)                                                 
{                                                             
for (t in 1:(99+n))                                           
{                                                             
N[t+1] <- N[t]+r[i]*N[t]*(1-N[t]/K)                           
if (t > 99)                                                 
{                                                           
points(r[i],N[t+1],cex=0.75,pch=19)                       

}                                                           
}                                                             
}                                                             

} 
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Self similarity
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Scientists fell in love with complex dynamics:
MAY RM
SIMPLE MATHEMATICAL-MODELS WITH VERY COMPLICATED DYNAMICS
NATURE 261 (5560): 459-467 1976 
Times Cited: 1928 
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Solving our problem?
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What is the role of „deterministic chaos“ in
Ecology?

Hardly any application!

Too sensitive against noise!




